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HISTORY OF NON-EUCLIDEAN GEOMETRY. THE DEVELOPMENT OF THE CON- 
CEPT OF GEOMETRIC SPACE [ISTORIYA NEE~KLID~VOI GE~METRII. 
RAZVITIE PONYATIYA 0 GEOMETRICHESKOM PROSTRANSTVE]. By 
B. A. Rozenfeld. Moscow (Science - Nauka). 1976. 414 pp. 
96 figures. 
Reviewed by Boris M. Schein 
ul. Vavilova 2, kv. 111, 410600 Saratov, U.S.S.R. 
This book is dedicated to the 150th anniversary (February 23, 
1976) of the historical lecture delivered by N. I. Lobachevsky 
on his discovery of non-Euclidean geometry. This discovery is 
a turning point in the history of mathematics; the ideas of non- 
Euclidean geometry, the more or less contemporary ideas of group 
and field, and the somewhat later ideas of set theory, led to a 
new period in the history of mathematics. Instead of the "only 
thinkable" Euclidean geometry, various different geometries ap- 
peared; instead of the only arithmetic of real and complex 
numbers, various different arithmetics of groups and fields were 
studied; and this led to new mathematical systems, to sets en- 
dowed with various structures which had no classical analogs. 
Thus, in the 1870s a new period of mathematical history began, 
to be called "modern mathematics" up to the middle of the 20th 
century. However, the advent of computers and the considerable 
development of finite mathematics in the middle of this century 
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show that the above period deserves another name. Due to the 
great importance of the discovery of non-Euclidean geometry to 
this period, it could be called the period of non-Euclidean 
mathematics. 
These ideas are the starting point of the book, and they are 
stated by the author in the foreword. The author considers both 
mathematical and philosophical aspects of the process which led 
to the discovery of non-Euclidean geometry and the broadening 
of our concept of space: he also considers the history of these 
discoveries and their further development. 
The book consists of eleven chapters. Chapter 1, "Spherics," 
is devoted to the development of the first geometry different 
from the Euclidean one, the spherical geometry which served as 
a basis for the subsequent elliptical geometry. In this chapter 
the author considers the origin of spherics, various systems of 
spherics due to Autolykus, Theodosius, Menelaus (including the 
Menelaus theorems); the spherical trigonometries of Ptolemy, 
Thabit ibn Qurra, Ibn 'Ir;iq, al-Birfini, Nasir al-Din al-T&i, 
Regiomontanus, Copernicus, and Vieta; the area of a spherical 
triangle and polygon by Girard; the spherical geometry and trigo- 
nometry of Euler. 
Chapter 2, "Theory of parallel lines," treats the history of 
the numerous attempts to prove the Fifth Postulate which led to 
the Lobachevsky discovery. This chapter has sections on Euclid's 
theory of parallel lines; theories of parallels due.to al-Jauhari, 
ThZbit ibn Qurra, Ibn Sina,Ibn al-Haytham, Khayyh, Husam al-Din 
al-SZlZr, Na$r al-Din al-@is:, al-Hanaf?, al-Abhari, al-Maghribi, 
Levi ben Gershon, Alfonso (de Valladolid?), Wallis, Saccheri, 
Lainbert, and Farkas (Wolfgang) Bolyai, as well as the problem 
of parallels in Aristotle and the theory of parallels in the 
16th century. There are also sections on the first attempts to 
prove the Fifth Postulate in Antiquity; "proofs" by Ptolemy and 
Proclus; Byzantine attempts to prove the Fifth Postulate pre- 
served in Arabic translations; attempts at proof in the 10th 
century; an attempt attributed to al-Tiisi; "proofs" by Cataldi, 
Borelli, Vitale Giordano, Bertrand, Legendre, and Gurieff (Gurev). 
The theory of geometric transformations considered in Chapter 
3, "Geometric transformations," led to transformation group 
theory, the latter being the foundation of modern non-Euclidean 
geometry. There are sections on motion in geometry in Antiquity 
and in the Middle Ages, geometric transformations by Aristotle 
and Apollonius; projection and perspective; stereographic pro- 
jections; affine transformations by Ibn Qurra and Ibn Sin%; a 
point at infinity by Kepler; projective transformations by 
Desargues; projective and birational transformations by Newton; 
affine transformations by Clairaut and Euler; conformal trans- 
formations by Euler and Lagrange; projective transformations by 
Monge, Carnot, and Poncelet; geometric transformations by Mcbius; 
circular and conformal transformations. 
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In Chapter 4, "Geometric algebra and the prehistory of multi- 
dimensional geometry," the author considers the history of geo- 
metric calculi which served as a base for multidimensional geo- 
metry and for the theory of algebras connected with non-Euclidean 
geometry. The following subjects are included: geometric algebra; 
hypergeometric names of degrees in Heron, Diophantus, the Medieval 
East, Byzantine, Italian, and German Cossists; solving cubic 
equations in radicals and tridimensional geometric algebra; 
multidimensional generalizations of the cube by Stifel; the first 
attempts at geometric interpretation of multivariate functions; 
the geometric algebra of Vieta and Descartes; Leibniz's idea 
of "analysis situs," prehistory of the vector calculus: geometry, 
mechanics, algebra, the idea of multidimensional space in the 
18th and early 19th centuries. 
History of philosophical concepts of space which played an 
important role both in the discovery of Lobachevsky and in 
further generalizations of non-Euclidean geometry is treated in 
Chapter 5, "Philosophy of space up to the beginning of the 19th 
century." The author considers the ideas of the infinity of 
space and the finiteness of the world; the doctrine of inde- 
pendence of space from matter and its criticism; the doctrine 
of the aprioricity of space; the continuity and discreteness 
of space in Antiquity, the Middle Ages, and modern times; and 
Hegel's views on continuity and discreteness of space. 
Chapter 6, "Geometry of Lobachevsky," describes the essence 
of the Lobachevsky discovery and its subsequent fortunes; this 
chapter is central to the whole book. The topics covered in 
this chapter are: The discovery of Lobachevsky and its author's 
struggle for recognition of the discovery; further works of 
Lobachevsky on non-Euclidean geometry; his philosophy of space; 
the "Appendix" by Jgnos Bolyai; notes and letters of Gauss; 
works of Wachter, Schweikart, and Taurinus; the struggle for 
recognition of Lobachevskian geometry; Lobachevskian trigonometry; 
consistency of the Lobachevsky geometry and interpretations of 
Beltrami, Klein, Poincarg (on a half-plane, in a circle, on a 
hyperboloid); projective metrics of Cayley. 
Chapter 7, "Multidimensional spaces," is devoted to fur- 
ther development of the concept of space; the author considers 
in it multiple integrals, "Analytical geometry of n dimensions" 
by Cayley, "Die lineale Ausdehnungslehre" by Grassmann, "Theorie 
der veilfachen Kontinuitgt" by SchlZfli, terminology of multi- 
dimensional geometry, algebraic manifolds, axiomatics of the 
Euclidean space (including Weyl's axiomatics), infinite-dimen- 
sional spaces and infinite-dimensional analogs of pseudo-Eucli- 
dean and non-Euclidean spaces. 
Chapter 8, "The curvature of a space," treats the further 
development of the concept of space, the origin of curved space 
and its generalizations. There are sections on the curvature 
and intrinsic geometry of a surface according to Euler and Gauss, 
HM6 Reviews 463 
Minding's theory of surfaces of constant curvature, and inter- 
pretation of the Lobachevskian plane on a pseudosphere, Rieman- 
nian geometry and Riemannian spaces of constant curvature, 
elliptical geometry, parallels and surfaces of Clifford, to- 
pology of Riemann, topological spaces, influence of relativity, 
parallel displacement, affinely connected spaces, differentia- 
ble manifolds, foliations. 
Chapter 9, "Transformation groups," considers the history 
of transformation groups whose importance for geometry stems 
from the "Erlangenprogramm" of Klein and from the theory of 
Lie groups, especially simple Lie groups which led to the most 
natural generalizations of classical non-Euclidean geometries. 
There are sections on the appearance of the concept of group, 
Galois theory, abstract groups, the paper by Helmholtz, groups 
of geometrical transformations, the "cbertraqunqsprinzip," con- 
tinuous and topological groups, Lie groups in the wider sense, 
Lie algebras, solvable and semisimple Lie groups, geometrical 
interpretation of simple Lie groups, symmetric spaces, quasi- 
simple and k-quasisimple Lie groups. 
Chapter 10, "Applications of algebras," is devoted to the 
history of associative and nonassociative algebras and their 
various geometric applications, in particular, to the history 
of spaces over such algebras. The sections are on attempts of 
generalizing complex numbers to the space, quaternions, octaves, 
matrices, Grassmann and Clifford numbers, Kotelnikov-Study 
transfer, associative algebras and ring theory, simple associa- 
tive algebras, linear representations of groups (and Lie groups), 
quasisimple and k-quasisimple associative algebras, alternative 
algebras. 
In Chapter 11, "Philosophy of space of the 19th and 20th 
centuries: Geometry and physics," the author considers the 
history of philosophical concepts of space and the interconnec- 
tion of geometry and physics, especially in connection with the 
development of physics in the 20th century. The author considers 
views of Feuerbach, Comte, Mach, Berqson, Marxist conceptions 
including the views of Lenin, Clifford's idea of the qeometriza- 
tion of physics, special relativity and pseudo-Euclidean space, 
special relativity and Lobachevskian geometry, Poincarg's and 
Einstein's philosophies of space, general relativity, unified 
field theory, quantum physics, and its interconnections with 
geometry. 
Chapters 7 through 11 are somewhat less detailed than the 
previous sections. The book contains 96 figures. The bibli- 
ography consists of 565 entries; the name register contains 650 
names. 
The book contains a wealth of material gathered together in 
a most scholarly fashion and encompassing more than 2,200 years 
of the development of geometry. The style is both clear and very 
readable; in each of the sections the author relates who did 
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what and where, giving a lot of references and citations, so 
this monograph may serve as a secondary source of a lot of factual 
information. The author collected and organized it so that the 
reader is truly impressed by the wide flow of geometric thought, 
from Antiquity to modern times, in the East and in the West, 
each new step being a development and amplification of the pre- 
vious ones, with new fruitful ideas being introduced, so that 
the flow becomes deeper, broader, and wider until it reaches 
us. Usually, when speaking of non-Euclidean geometry, one re- 
fers to the discoveries of Lobachevsky, Bolyai, and Gauss, 
mentioning also previous attempts to prove-the Fifth Postulate, 
hyperbolic and elliptical geometries. The author was wise to 
include these achievements in a broader perspective of the human 
spirit's efforts to build up a more cogent, deeper insight into 
the nature and the concept of space. 
DEAR RUSSELL-DEAR JOURDAIN. A COMMENTARY ON RUSSELL'S LOGIC, 
BASED ON HIS CORRESPONDENCE WITH PHILIP JOURDAIN. By 
I. Grattan-Guinness. London (Duckworth). 1977. 234 pp. 
Reviewed by Ignacio Angelelli 
The University of Texas, Austin, TX 78712 
This volume contains excerpts from the correspondence be- 
tween Bertrand Russell and Philip Jourdain, with extensive 
analytic comments by the editor, Ivor Grattan-Guinness. The 
significance of the correspondence for a study of Bertrand 
Russell is obvious, since "it seems certain that Russell did 
not correspond with anyone else about his work in such great 
detail" (p. 5). 
In the Prologue, the editor introduces the reader to the 
biographies of both Russell and Jourdain, carefully explaining 
"the nature of the surviving correspondence" as well as "the 
style, scope and limitations" of his commentary. 
The pieces of correspondence, accompanied by Grattan- 
Guinness' analysis, are distributed through approximately 130 
pages, from Chapter 5 through Chapter 24 of the volume. While 
the arrangement follows the chronological order, each chapter 
concentrates on a specific main topic. The variety of topics 
is impressive: mathematical as well as philosophical issues 
are broadly covered. For example, Chapter 5 has to do with 
the correspondence "March 1902-March 1903: Irrational numbers 
and the real line," whereas Chapter 13 concerns the correspon- 
dence "December 1905-January 1906: Denoting and the mysteries 
of existence." 
Next there is an Epilogue, divided into four sections. In 
the first of these, "The relationship between Russell and Jour- 
dain," the editor presents a general evaluation of the intellec- 
tual exchange between the two men. In the second section of 
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